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WELCOME' Stone Duality

Levin
Hornischer

» This course is an introduction to Stone duality.

‘Welcome

» This is an exciting area of logic at the intersection of math, computer
science, and philosophy.

» Stone’s theorem says that certain algebras (Boolean algebras) are in a
precise sense equivalent to certain topological spaces (now called Stone
spaces).

» Behind this mathematical fact lies a deep conceptual insight: that the

algebraic and the spatial perspective are just two sides of the same coin!

» Understanding this is the goal of the course.



PRACTICALITIES

» Schedule: in the first week of ESSLLI 2026 (August 3-7, 2026), from
09:00 to 10:30 in room C206.

» About me: I'm Levin Hornischer (he/him), an assistant professor at the
Munich Center for Mathematical Philosophy (MCMP) at LMU Munich.
Before that, I was at the Institute for Logic, Language and Computation
(ILLC) at the University of Amsterdam, where I also did my PhD.

» Comments and feedback are most welcome: just email me at

Levin.Hornischer@lmu.de.

» Please interrupt for questions any time!
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MATERIALS 1 Stone Duality

Levin
Hornischer

» There is a website for the course:
levinhornischer.github.io/StoneDuality_ESSLLI/ iz

» These slides are intended as handouts for the lecture (hence more
cluttered than presentation slides—sorry!).

» I have given a full semester course on Stone duality, on which this course
is based. You find the lecture notes linked on the course website.

» Prerequisites: An introductory course in logic (specifically classical
propositional logic) and some familiarity with mathematics (ideally, but
not necessarily, having seen elementary concepts of topology and algebra).


levinhornischer.github.io/StoneDuality_ESSLLI/

MATERIALS 11

» A wonderful recent textbook on Stone duality is [GG24] and further great
textbooks on—or closely related to—Stone duality include [BD75; DP02;
Vic89; GHO8; Givl4; Grall; Gra03; AJ94).

» Research monographs on duality theory and related topics include [Joh82;
Gie+03; DST19; Goul3; PP12; ORR15].

» Extensions of Stone duality from propositional to first-order logic
include [Mak87; Lur20; AF13].
» Stone duality also is an excellent pathway into category theory [Leil4;

Smi25], and in particular categorical logic [Pit01] and topos
theory [Vic07].
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THE

GENERAL IDEA OF A DUALITY

The general idea of a duality is that there are two, in a sense
complementary perspectives on the same underlying phenomenon.
Metaphorically speaking, there are two sides (the perspectives) of the

same coin (the phenomenon).

This occurs throughout the sciences. We consider four brief examples.

(Also see [Geh09; Abr91; Vicg9].)
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DUALITY IN MATHEMATICS

» Now we all know it, but it is remarkable: there is a close correspondence

between algebra and geometry.

» Algebraic objects, like the polynomial 22 4 y? = 1, correspond to spatial
objects, in this case to the unit circle.

> We can solve geometric problems, e.g., which ratios and angles can be

constructed with a compass and straightedge, by translating them to the
algebraic side and then using algebraic methods (here Galois theory).

» The duality of algebra and geometry is at the heart of algebraic geometry
and bears quite some similarities to Stone duality [Joh82; MM92; Vic07].

Stone Duality

Levin
Hornischer

Introduction
and motivation



Stone Duality

DUALITY IN PHYSICS

Levin
Hornischer

» On the one hand, a physical system is described by its state space, i.e.,
the collection of states that the system could be in.

Introduction

» On the other hand, the system is also described by the observations we reat] srarasfiomitern
can make about it.
> We would hope that these two perspectives on the system are ‘dual’ to
each other:
» The states should be determined by the observations that they give rise to;
and
» the observations should be determined by the states that give rise to them
[e.g. Str08, p. 24].
» The formal duality (e.g., Gelfand—Naimark) is different in detail from
Stone duality but similar in spirit. (For more, see, e.g., [Ruell; RBW15;
WW23; DB25].)



DUALITY IN COMPUTER SCIENCE

>

Computer programs are written in a programming language. Much like

for sentences in a natural language, we can ask what their meaning is.

The meaning of a program is called its denotation and is, roughly, the
input-output function that it computes.
But we can also describe the program by its program logic:
» e.g., given an even number as input, the program outputs a prime number.
» More generally: Hoare triples ‘if currently P holds, then running the
program C' will result in @) being satisfied’.
The far-reaching insight of Abramsky [Abr91] was that we again should
have a duality between the denotational semantics and the program logic.
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DUALITY IN PHILOSOPHY

>

| 4

The central question of philosophy of language is: what is the meaning of

sentences?

One prominent view is possible worlds semantics: The meaning of a

sentence is the set of possible worlds in which the sentence is true.

On a broadly inferentialist position, we describe sentence meanings by
how they relate to each other: which implies which, what conjunctions
are, etc. This data is recorded in the set of all sentence meanings together
with the implication relation, conjunction, negation, etc.—aka the algebra
of propositions.

Duality talk is surprisingly scarce in philosophy, but given the success in
other fields it holds much promise!
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SUMMARY
Field Phenomenon Space Algebra
Mathematics Geometry Spatial object ~ Polynomial
Physics Physical system State space Observations
Computer Science | Program Denotation Program logic
Philosophy Meaning Possible worlds  Propositions

» Algebra: Set of observations, propositions, etc. with operations (e.g.,
conjunction A) that satisfy certain laws (e.g., a Ab=bAa).
» A specific type of such an algebra we will make precise as a Boolean algebra.
» Space: Set of points (e.g., states, possible worlds, etc.) with some spatial
structure, e.g., a notion of distance between points.
» A specific type of such a space we will make precise as a Stone space, which
is a particular kind of topological space.
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KEY IDEA OF DUALITY

» Duality: A bijective correspondence between the class of spaces and the
class of algebras under consideration, i.e.,

> a method to translate a space into an algebra, and
» a method to translate an algebra into a space,
» such that translating forth and back is isomorphic to where one started.
» In this sense of intertranslatability, the spatial perspective is equivalent to
the algebraic perspective and both describe the same phenomenon.

» In our specific case, Stone’s theorem makes this precise as: the category
of Boolean algebras is dually equivalent to the category of Stone spaces.

» Such a duality not only provides a deep conceptual link between the two
perspective. It also can help practically by translating a problem from
one side to the other, where different methods and intuitions are available

(cf. again geometry and algebra).
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EXAMPLE: POSSIBLE WORLDS VS PROPOSITIONS I

We do not have the precise concepts yet, but let’s sketch how the duality looks

like in the philosophy example.

» Translation from spaces to algebras:

>

>

Assume a space X of possible worlds. According to possible worlds
semantics, a proposition a is a set of possible worlds, i.e., a C X.
Conversely, is every subset a C X a proposition? This is not commonly

discussed, but we will see: only if a is “closed under similarity” (technically:

a clopen subset in the topology on X).
Proposition a implies proposition b iff in all worlds = € X in which a is
true, also b is true, i.e., a C b.

The conjunction of two propositions a and b simply is the intersection a Nb.

Similarly for other operations.
So the space X translates to the algebra Clp(X) = (A, C,N,...), where A is
the set of all @ C X that are “closed under similarity”.
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EXAMPLE: POSSIBLE WORLDS VS PROPOSITIONS II

» Translation from algebras to spaces:

> Assume an algebra A = (A, <, A,...) of propositions.

> According to Ersatzism, given a language/propositions, we can construct
‘substitute possible worlds’ as maximally consistent sets of propositions.

» So an Ersatz possible world is a set F' C A such that

(1) F is closed under implication and conjunction and does not contain the
logical contradiction L, and
(2) for any other such set G C A, if FF C G, then F = G.
(We will call such an F' a maximal filter.)
> Let Spec(A) be the space of all Ersatz possible worlds (we will see that
there is a natural way to define a topology on Spec(A)).
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EXAMPLE: POSSIBLE WORLDS VS PROPOSITIONS III

» Translating a space X of possible worlds to the algebra Clp(X) and then
back to Ersatz space Spec(Clp(X)) yields a space “isomorphic” to X.
» We need, in particular, a bijection f : X — Spec(Clp(X)).
» We map a world z to the set f(x) = {a € Clp(X) : x € a} of all (possible
worlds semantics) propositions that = makes true.
» Translating an algebra A to Ersatz worlds Spec(A) and then back to the
algebra Clp(Spec(A)) yields an algebra isomorphic to A.
» We need, in particular, a bijection h : A — Clp(Spec(A)).
» We map a proposition a to the set h(a) = {F € Spec(4) : a € F} of Ersatz

worlds that make true a.

Now we develop these ideas formally.

Stone Duality

Levin
Hornischer

Introduction
and motivation



OUTLINE

Introduction and motivation

Boolean algebras

Stone spaces

Stone’s theorem and proof idea
Statement
Proof

Applications

18/85



OVERVIEW OF THE SECTION e DU

Levin
> We formally define Boolean algebras. Homischer
» We motivate how they describe sets of propositions or binary experiments.
> We consider three important examples: the two-element Boolean algebra,

powerset Boolean algebras, and the Lindenbaum—Tarski algebra. i;zf;r:

» Finally, we define ‘translations’ between Boolean algebras, i.e., Boolean

algebra homomorphisms.



BOOLEAN ALGEBRA 1 Stone Duality

Levin
Hornischer

Definition

A Boolean algebra is a structure (A, V,A,—, L, T) where A is a set and
V,A:AXxA— Aand -: A— Aand L, T € A are such that for a,b,c € A:
1. Lattice axioms: Boolean

1.1 Commutativity: aVb=bVaand aAb=bAa e
1.2 Associativity: aV (bVe) = (aVb)Vecand aA (bAc)=(aAb)Ac

1.3 Idempotence: aVa=aand a Aa=a

1.4 Absorption: aV (a Ab) =a and a A (a V) = a.

2. Distributivity:
21 aV(bAc)=(aVDbd)A(aVec)
22 aN(BVe)=(aAb)V(aNc).
3. Bounds: aA L =1andaV T =T

4. Complements: a A—a =1 and aV —-a=T.



Stone Duality

BOOLEAN ALGEBRA II

Levin
Deﬁnltlon (COHtinued) Hornischer
We often just write A for the Boolean algebra (A,V,A,—, L, T). For a,b € A,
we define
Boolean
algebras

a<b:s=aANb=a<aVb=0b.

This is a partial order on A (i.e., < is a reflexive, transitive, and

antisymmetric relation on A).

(Exercise: Prove that < indeed is a partial order. Prove the equivalence
aANb=a<aVb=10.)



Stone Duality

COMMENTS 1

Levin
Hornischer

» Intuition:

» One can think of A as a set of propositions, observations, binary
experiments, etc.
» for which there are ‘logical’ operations V, A, =, 1, T.

Boolean

»> E.g., given propositions (or experiments) a and b, there also is the algebras
proposition (or experiment) a A b, which is true (or comes out positive) iff
both @ and b are true (or come out positive).
» The order < describes implications between propositions (or experiments).
After all, if a is equivalent to a A b (i.e., a = a A b), this just says that a
implies b.
» The propositions (or experiments) should behave ‘classically’ in the sense
that, e.g., they commute a Vb =10V a, are exhaustive a V —a = T, etc.



COMMENTS 11 Stone Duality

Levin
» Names of the axioms: Hornischer
» The bound axioms say that L is the <-least element and that T is the
<-greatest element.
» Distributivity: If we write A as x (multiplication) and V as + (addition)
axiom 2.2 is well-known distributivity z(y + z) = zy + z2. izzg‘;‘;

> Some axioms are superfluous:
> e.g., distributivity is self-dual, i.e., (2.1) is equivalent to (2.2).
» More general structures:
> A lattice is a structure (A, V, A) that satisfies the lattice axioms.
> A bounded lattice is a structure (A, V, A, L, T) that satisfies the lattice
axioms and the bounds axioms.
> A (bounded) lattice is distributive if is additionally satisfies the
distributivity axiom.



COMMENTS III

» A Boolean algebra also can equivalently be described just in terms of the
order: A partial order such that

>

»
>

any finite subset S has a least upper bound \/ S and a greatest lower bound
AS (so L=V0and aVb=\{a,b}, similarly for T and A),

it satisfies the distributivity axiom a A (bV ¢) = (a Ab)V (a A ¢), and
every element a has a complement, i.e., there is another element b such that
aANb=1andaVb=T.

Stone Duality
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Stone Duality

IMPORTANT EXAMPLE 1: THE TWO-ELEMENT BOOLEAN ALGEBRA

Levin
» The simplest nontrivial Boolean algebra is the two-element Boolean Homischer
algebra 2 = ({0,1},V,A,—,0,1) with the usual Boolean truth-functions
vi]o 1 Ao o1 =
0]0 1 010 O 0]1 Boolean
101 1 10 1 1]0 e

» Notation: In set theory, 0 := () and n :={0,...,n —1}. So 2 = {0,1}.
» The order < is given by 0 < 1, and we depict it as

| l
0
» In fact, every Boolean algebra is a subalgebra of a product of 2. So, in a
sense, 2 generates all Boolean algebras! (But we do not show this here.)



Stone Duality

IMPORTANT EXAMPLE 2: THE POWERSET

Levin
» If X is a set, then the power set P(X) = (P(X),U,N,-,0,X) is a Horischer
Boolean algebra with the operations of union, intersection, and
set-theoretic complement (for a C X, a® = X \ a).
The order is inclusion: For a,b C X, a <biff anb=aiff a Cb. el
algebras

Cf. X is a set of possible worlds and a C X are propositions.

So 2 is simply the powerset Boolean algebra of a one-element set {e}.

vV v vy

The powerset of the empty set () has one element. The powerset of a
two-element set {e,x} has four elements:

° | <

P0) P({e}) P({e;*})



IMPORTANT EXAMPLE: THE LINDENBAUM—TARSKI ALGEBRA e DU

Levin
> Let L be the set of sentence of classical propositional logic formed by Hormischer
plevi oAy |-p [ L]T
> Take your favorite proof system for classical propositional logic and write Lo

@ 1 if 4 is derivable from ¢.
» Define the equivalence relation ¢ =1 by ¢ 9 and ¥ - .
> Let L/ =:={[g]: ¢ € L} be the quotient, with [¢] := {¢ : p = ¢}

> Define [p] V [¢] := [p V4], [p] A Y] := [p A9, and =[g] := [-g].
(Exercise: Check that this is well-defined.)

» Then (£/ =,V,A,—,[L],[T]) is a Boolean algebra, called the
Lindenbaum-Tarski algebra. (Cf. inferentialism.)
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BOOLEAN ALGEBRA HOMOMORPHISM

Levin
Hornischer

Definition

Let A= (A,Va,ANA,74,L4,T4)and B=(B,Vp,Ap, —\B,J_B,TB) be two
Boolean algebras. A Boolean algebra homomorphism is a function h: A - B
Such that, fOI‘ all a, b € A, Boolean

1. h(aVab) = h(a) Vp h(b) algebras
2. h(aAab) = h(a) A h(b)
3. h(=aa) = —ph(a)
4. h(La) =15
5 h(Ta)=Tg
If h additionally is injective (resp., bijective), we call it a Boolean algebra

embedding (resp., isomorphism). Two Boolean algebras are isomorphic if there

is an isomorphism between them.



COMMENTS

» Intuition: Translation from one language/set of propositions A to another
B. Preservation conditions ensure compositionality: roughly, to translate
a complex proposition in A, first translate its atoms and then build it up
again in B.

» Boolean algebra homomorphism are order-preserving: If a <4 b, then
h(a) <p h(b). (Exercise: prove this.)

> Not all conditions need to be required: For example, h already is a
Boolean algebra homomorphism once it preserves =, A, L. (Exercise:
prove this.)

Stone Duality
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Stone Duality

OVERVIEW OF THE SECTION

Levin
» In this section, we define what Stone spaces are. Homischer
> We first start by defining topological spaces (and motivate the definition)
> We define further notions: when a space is Hausdorff, zero-dimensional,
and compact.
» Then we define Stone spaces as compact, zero-dimensional Hausdorff Stone spaces

topological spaces.

» Finally, we define continuous maps between topological spaces.



TOPOLOGICAL SPACES [ Stone Duality

Levin
Hornischer

» When we hear of ‘space’, we naturally think of the three-dimensional
space we live in, i.e., the Euclidean space R whose points x = (z1, 22, 73)
are described by the values on the z-axis, the y-axis, and the z-axis.

» But there also are other spaces:

» The surface of a sphere: its points are those (x1,x2,x3) with
22 + 23 + 2% = 1. But its geometry is different: for instance, the angles of a ~ Stone spaces
triangle add up to more than 180 degrees.
» The spacetime that we live in according to general relativity: its points
x = (x1, 2,23, 24) are four-dimensional—with three spatial and one
temporal component—and its geometry is given by a metric tensor.
» And there are even wilder spaces, in which it might not even make sense to
speak of a ‘geometry’ (e.g., angles between lines), but only of ‘spatial’
properties (e.g., continuous paths from one point to another).



Stone Duality

TOPOLOGICAL SPACES 11

Levin
» Mathematicians came up with a general definition of a topological space Homischer
that includes all these examples.
P It is very abstract, but we will see than it can recover all the relevant
spatial concepts.
Deﬁnltlon Stone spaces

A topological space is a pair (X, 7) where X is a set and 7 is a collection of
subsets of X such that

1. 0 and X arein T
2. U,V er,then UNV €71
3. If U; € 7 is a collection of sets indexed by a set I, then ;c; U; € 7.

We also call 7 a topology on X.



Stone Duality

TOPOLOGICAL SPACES III

Levin
Hornischer

Definition (continued)

If (X, 7) is a topological space, we call the elements of X points. The elements
of 7 are called open sets (or opens). Their complements, i.e., sets of the form
C =X \U for U € 7, are called closed sets. A subset KX C X that is both
open and closed (i.e., K € 7 and K¢ € 7) is called clopen. Stone spaces
We just speak of the topological space X if 7 is clear from context. Then we

write Q(X) for the opens of X. The collection of closed (resp. clopen) subsets

of X is denoted C(X) (resp. Clp(X)).



EXAI\/IPLES Stone Duality

Levin
Hornischer

1. The Euclidean topology on R? is given by calling those sets U C R? open
that allow some ‘wiggle-room’, i.e.,

» for all x € U, there is € > 0 such that for all 2’ € R3 with d(z,z’) < €, we
have 2’ € U.
Here the distance between two points x = (z1, z2, z3) and y = (y1, Y2, Y3)

iS, as uSuaL Stone spaces

d(,y) = /(@1 — 91)? + (22— 12) + (25 — y3)2.

2. For a set X, the discrete topology on X is 7 := P(X).
3. For a set X, the indiscrete topology on X is 7 := {), X }.



Stone Duality

TOPOLOGICAL CONCEPTS 1

Levin

With just ‘open set talk’ we can recover many spatial concepts: Let (X, 7) be Hornischer
a topological space.
» Interior, closure, boundary. If S C X is a subset, the interior Int(S) of S

is the largest open set contained in S, and the closure CI(S) of S is the
smallest closed set containing S. The boundary 95 of S is CI(S) \ Int(S).

» Neighborhood. A subset S C X is a neighborhood of a point z € X if
x € Int(S). An open neighborhood of x is an open set that is a

Stone spaces

neighborhood of z. (If clear from context, we drop ‘open’.)

» Dense. A subset S C X is dense (in X) if for all points z € X and open
neighborhoods U of x, there is a point s € S with s € U. Equivalently,
CI(S) = X.



Stone Duality

TOPOLOGICAL CONCEPTS II

Levin
Hornischer

» Convergence. A sequence (z,)nen of points in X converges to a point
x € X if for all open neighborhoods U of x, there is N > 0 such that, for
all n > N, we have x,, € U. We also say that x is the limit of the
sequence (x,).

» Generated topology. Any collection S of subsets of a nonempty set Y’

Stone spaces

generates a topology (S) on Y: namely, the smallest topology on Y that
contains all subsets in S.

> Subbase. Given the topology 7 on X, a collection S of subsets of X is
called a subbase of 7 if 7 = (S). So the opens of 7 are arbitrary unions of

finite intersection of subbasic elements.
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TOPOLOGICAL CONCEPTS III

Levin
Hornischer

> Base. A base for the topology 7 is a collection § C 7 such that for every
point € X and every open neighborhood U of z, there is V € § such
that x € V C U. Equivalently, a base is a collection of open subsets of X

such that every open set is a union of elements from the base.

Stone spaces



SEPARATION AXIOMS Stone Duality

Levin
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» There is an important classification of topological spaces according to

which so-called separation axioms they satisfy.

» There are many such axioms and they all are of the form that two

distinct points can be—in various senses—separated by the topology.

Definition

Let (X, 7) be a topological space.

Stone spaces

1. X is Ty (aka Kolmogorov) if, for all 2 # y in X, there is an open U C X such
that U contains exactly one of z and y.

2. X is T1 (aka Fréchet) if, for all z # y in X, there is an open U C X such that
zeUandy&U.

3. X is Ty (aka Hausdorff) if, for all 2 # y in X, there are disjoint opens U,V C X
such that x € U and y € V.



COMPACTNESS Stone Duality
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Compactness formalizes the idea a space does not extend infinitely but has

finite bounds.
Definition (Compactness)

Let X be a topological space. If S C X is a subset, an open cover U of S is a

collection of open sets such that S C Uy, U. A subset S C X is compact if spaces
every open cover U of S contains a finite subcover, i.e., there is a finite subset

Uy C U such that Uy is an open cover of S. The space X is called compact if

S := X is compact.

(An equivalent definition: via finite intersection property.)



(ZERO-) DIMENSIONALITY Stone Duality

Levin
Hornischer

» There is a purely topological way to determine the dimension of a space.

The Euclidean space R? then indeed gets dimension 3.

» (In fact, there are several ways to do this: small inductive dimension,
large inductive dimension, and the Lebesgue covering dimension, see
[Eng89, ch. 7].)

Stone spaces

» Here we only need what it means for a space to have dimension zero. In
that special case, the definition becomes the following.

Definition

A topological space (X, 1) is zero-dimensional iff X has a base consisting of
clopen sets.



STONE SPACES

Finally, we can define what a Stone space is.

Definition

A Stone space is a topological space that is compact, zero-dimensional and
Hausdorff.

Examples:

» Every finite set with the discrete topology is a Stone space.

Stone Duality
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IMPORTANT EXAMPLE: CANTOR SPACE

Levin
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» Points: The set 2V of all binary sequences (i.e., functions N — 2 = {0, 1})

» Topology: The topology 7 generated by the cylinder sets: given a finite
binary string o = ¢(0),...,0(n — 1), its cylinder set

0] = {ze2V:Vke{0,....,n—1}.a(k) = o1},

Stone spaces

is the set of all binary sequences that have ¢ as initial segment.



Stone Duality

CONTINUOUS FUNCTIONS

Levin
» Finally, we consider what it means to continuously map points of one Homischer
space to another.
» Again, this has a swift abstract definition, which we then illustrate in
more intuitive terms.
Deﬁnltlon Stone spaces

Let X and Y be topological spaces and f: X — Y a function. We say f is
continuous if, for all open subsets V of Y, the preimage

7Y (V)={x € X : f(x) € V} is an open subset of X.

A function f: X — Y is a homeomorphism (the topologists’ name for
isomorphism) if f is continuous and has a continuous inverse, i.e., f is a
bijection and both f and f~! are continuous. Two spaces are homeomorphic if

there is a homeomorphism between them.



Stone Duality

CONTINUOUS FUNCTIONS: INTUITION

Levin
Hornischer

> Maybe you have encountered continuous functions before but in the more
specific epsilon—delta definition: It says f : R — R is continuous if
» For every x € R and every € > 0, there is § > 0 such that, for all y € R
with |z — y| < §, we have |f(z) — f(y)] <e.
» This captures the idea that, to draw the graph of the function, you do not
have tO hft youl” pen. Stone spaces
» This ‘hands-on’ definition (pun intended) is a special case of the abstract

definition.
f(z) g(x)
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Stone Duality

OVERVIEW OF THE SECTION

Levin
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» In this section, we finally get to the Stone duality theorem.

» It provides an exact correspondence between Boolean algebras on the one
hand and Stone spaces on the other hand.

» In the first subsection, we state the theorem precisely (cf. the informal
presentation in the first section).

» In second subsection, we consider (a sketch of) the proof. oy —

and proof idea
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Stone Duality

FROM BOOLEAN ALGEBRAS TO STONE SPACES: PRIME FILTERS

Levin
Hornischer

» If we have a Boolean algebra A of propositions, we can build ‘Ersatz’

possible worlds as ‘maximally consistent’ sets F' of propositions:

Definition

Let A be a Boolean algebra. A subset F' of A is a filter if
> F'is an upset, i.e, for all a,b € A, if a € F' and a < b, then b € F.
> [ is A-closed, i.e., for a,b € F alsoaAb € F.
» F' is nonempty (equivalently, T € F)

Moreover, F' is proper if F' # A (equivalently 1 ¢ F'). A prime filter on A is a
proper filter such that, for all a,b € A, if a Vb € F, then either a € F or b € F.
We write Spec(A) or PrFilt(A) for the set of all prime filters on A.



Stone Duality

EQUIVALENT CHARACTERIZATIONS OF PRIME FILTERS
Levin

If A is a Boolean algebra and F' C A is a filter, the following are equivalent: Hornischer
1. F'is a prime filter.

2. The characteristic function xr : A — 2 (which maps a to 1 iff a € F') is a
Boolean algebra homomorphism.

3. Fis an ultrafilter, i.e., F' is proper and for any a € A, either a € F' or
-a € F.

4. F is a maximal filter, i.e., F' is proper and for any proper filter G with
F C G, we have F =G.

Thus, prime filters are like possible worlds/models of propositional logic:
» They compositionally decide for each proposition its truth-value.

> A maximal filter captures the idea that model is maximally consistent.



Stone Duality

MORE COMMENTS ON PRIME FILTERS

Levin
Hornischer

» This equivalence fails if A is only a lattice and not a Boolean algebra.
» The order-dual notion of a filter is an ideal: a nonempty downset that is
V-closed. Here we primarily work with filters, but some textbooks work

with ideals.



Stone Duality

FrROM BOOLEAN ALGEBRAS TO STONE SPACES: DUAL SPACE

Levin
Proposition Hornischer
Let A be a Boolean algebra. Equip X := PrFilt(A) with the topology generated
by S :={a:a € A}, where
a:={F € PrFilt(A) : a € F}.
Then X with this topology is a Stone space. Moreover, S = Clp(X). We call
PrFilt(A) the dual space of A. Seatement

» Open sets represent degrees of closeness/similarity: e.g., points in the
open ball B, »(x) are close to degree €.
» Here, two prime filters are close to degree a € A if they agree on

proposition a.



Stone Duality

EXAMPLE OF DUAL SPACE 1

Levin
Hornischer

» Consider the four-element Boolean algebra A:
d

a

» What are its prime filters? To compute them by brute force, let’s first list
all its upsets: C—

0,{T} {a, T},{b, T},{a,b, T}, {L,a,b, T}

» Which of those are filters? Not the empty set; not the second-last set (not
A-closed). But the remaining sets are filters.



EXAMPLE OF DUAL SPACE II e DU

Levin

» The remaining proper filters are {T},{a, T}, {b, T}. Hornischer

» Which are prime? Not {T}, since a Vb = T, but neither a nor b are in
the filter.

» But the two filters
F1 = {CL, T} FQ = {b, T}

are prime. They form the points of the dual space X = {Fy, F5}. E—



EXAMPLE OF DUAL SPACE III Stone Duality

Levin

» What is the topology of the space X7 We in particular have the open sets: Hornischer
I={FeX:1lecF}=0
a={FeX:acF}={R"}
b={FeX:beF}={F}
T={FeX:TeF}={F,F)
» These already are all the subsets of the space X, so the topology is Srogoont

discrete. (later we will see that this is no coincidence).



FROM STONE SPACES TO BOOLEAN ALGEBRAS: CLOPENS I e DU

Levin
Hornischer

» Informally, if we have a space X of possible worlds, then ‘possible worlds

semantics’ propositions—aka intensions—are sets of possible worlds.

» But they are not just any subset: plausibly, a proposition/intension
a C X is a clopen set:
> if x makes true a, there is a degree of similarity (i.e., an open set) such that
all worlds y similar to x to this degree also make true a, and
» if x does not make true a, there is a degree of similarity such that all worlds
y similar to x to this degree also do not make true a. Statement



Stone Duality

FROM STONE SPACES TO BOOLEAN ALGEBRAS: CLOPENS II

Levin
Hornischer

So the propositions/intensions are the clopen subsets of a given space X of

possible worlds. They form a Boolean algebra:
Proposition

Let (X, 1) be a Stone space. Then Clp(X) = (Clp(X),N,U, -0, X) is a
Boolean algebra. We call Clp(X) the dual algebra of X.



EXAMPLE OF DUAL ALCGCEBRA e DU

Levin
Hornischer

» Let X = {xg,x1} be the two-element space with the discrete topology.

» Up to homeomorphism, this is the Stone space {Fjy, F1} dual to the
diamond Boolean algebra form the previous example.

» What is the Boolean algebra Clp(X)?
» Let’s first list all the possible subsets: 0, {xo}, {z1}, X. Since the topology

is discrete, all of them are clopen. They form the Boolean algebra
X

{zo} {z1}

0

> We will see next, why this Boolean algebra is isomorphic to the diamond
Boolean algebra we started out with.



BOOLEAN ALGEBRAS ARE ISOMORPHIC TO THEIR DOUBLE-DUALS e DU

Levin
Hornischer

> Assume A is a Boolean algebra of propositions.

» Given a proposition a € A, consider its intension
a = {F € PrFilt(A) : a € F} over the Ersatz worlds.

> We expect a to play the same role as a, i.e., the map a — a should be an
isomorphism. Indeed:

Proposition

Let A be a Boolean algebra. Then the following is a well-defined Boolean
algebra homomorphism between A and its double-dual:

“: A — Clp(PrFilt(A))
a— a={F €PrFilt(A) : a € F}.



SPACES ARE ISOMORPHIC TO THEIR DOUBLE-DUALS e DU

Levin
Hornischer

> Assume X is a space of possible worlds.

» Is X homeomorphic to the space of Ersatz worlds built from the algebra

of intensions over X7
» Each world x determines the set F, of intensions that are true at x.
» This map x — F, turns out to be a homeomorphism!

Proposition

Statement

Let (X, 1) be a Stone space. The following is a well-defined homeomorphism:

B : X — PrFilt(Clp(X))
zx— Fy={aeClp(X):z€a}
the x with © € a for all a € F <~ F.



CORRESPONDENCE BETWEEN MORPHISMS

» Now we have the correspondence between the objects (Stone spaces and

Boolean algebras).

» But we also want a correspondence between the morphisms (continuous
maps and Boolean algebra homomorphisms).

» Again, we first see how to move in both directions,

» and then we check that these moves cancel each other out.

Stone Duality

Levin
Hornischer
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TRANSLATING MORPHISMS 1

Levin
Hornischer

From spaces to algebras:
» If we have a continuous function f: X — Y, how to get a morphism

between the dual Boolean algebras Clp(X) and Clp(Y)?

> We could try mapping a clopen a C X to the direct image
fla] ={f(z) : z € a} CY. But why would this be clopen and preserve
the Boolean operations?

> A trick to remember' the preimage is generally much better behaved! So
map b C Y to f71(b) ={z € X : f(z) € b} C X.

» The next proposition show that this indeed is a Boolean algebra

homomorphism.



TRANSLATING MORPHISMS 11

From algebras to spaces:

>

If we have a Boolean algebra homomorphism A : A — B, how to get a
morphism between the dual Stone spaces PrFilt(A) and PrFilt(B)?

Again, we expect to go in the opposite direction: PrFilt(B) — PrFilt(A).

If G is a prime filter on B, it is, in particular, a subset of B, so we can
consider h~1(G) C A, which indeed is a prime filter.

Thus, we get the following translations.

Stone Duality

Levin
Hornischer



TRANSLATING MORPHISMS IIT e DU

Levin
Hornischer

Proposition

1. If f: X =Y is a continuous function between Stone spaces, then
Clp(f) : Clp(Y) — Clp(X) B~ f~1(B)

is a Boolean algebra homomorphism.

2. If h : A — B is a Boolean algebra homomorphism, then

Statement

PrFilt(h) : PrFilt(B) — PrFilt(A) G~ h(G)

s a continuous function.



TRANSLATIONS CANCEL EACH OTHER OUT I

>

>

Stone Duality

Levin
Hornischer

Finally, we check that also the translations of morphisms via PrFilt and
Clp cancel each other out.

We want that f: X — Y is ‘isomorphic’ to PrFilt(Clp(f)), but what
should that mean?

The functions f and PrFilt(Clp(f)) should behave in the same way under
the isomorphisms that we already have for the objects, namely,

Bx : X — PrFilt(Clp(X)) and By : Y — PrFilt(Clp(Y)).

Similarly, h : A — B and Clp(PrFilt(h)) should behave in the same way
under the isomorphisms that we already have for the objects, namely,
“4: A — Clp(PrFilt(A)) and “p : B — Clp(PrFilt(B)).

This is made precise as follows.



Stone Duality

TRANSLATIONS CANCEL EACH OTHER OUT II

Levin
Hornischer

Proposition

The following diagrams commute:

X X PrFilt(Clp(X)) A 2 Clp(PrFilt(A))
lf lPrFilt(Clp(f)) lh lop(Pant(h))
By >

Y —— PrFilt(Clp(Y)) B —%— Clp(PrFilt(B))



Stone Duality

STONE’S THEOREM

Levin
Hornischer

P> Stone’s theorem is the conjunction of all the propositions that we have

stated in this subsection.

» All the data in those propositions is category-theoretically captured by
the notion of a dual equivalence:

» Thus, the swift category-theoretic formulation of Stone’s theorem is:

Theorem (Stone duality)

The functors PrFilt and Clp form a dual equivalence between, on the one side,
the category BA of Boolean algebras with Boolean algebra homomorphisms and,
on the other side, the category Stone of Stone spaces with continuous functions.
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Stone Duality

OVERVIEW OF THE PROOF

Levin
Hornischer

» To prove Stone’s theorem, we need to prove all propositions from the

previous subsection.

» For reasons of time, we will not cover the whole proof in detail. Instead,
we follow on the main ideas.

» But you can find the full proof in the linked lecture notes.

» These main ideas are already in the proof of the first proposition, i.e.,
that PrFilt(A) is a Stone space.

Proof

» The other propositions are either straightforward or use similar ideas.
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THE TWO MAIN IDEAS OF THE PROOF

Levin
Hornischer

1. How to extend (if possible) subsets of a Boolean algebra into a filter and
then into a prime filter.
2. Use this to prove compactness of PrFilt(A4). This is done as follows:
» Use the first step to prove the following version of the compactness theorem
from logic:
> A ‘theory’ T' C A (theory = set of propositions) has a model (= prime filter
containing all propositions in T'), as soon as all finite subsets of T have a
model.
» Derive compactness of PrFilt(A) from this. Proof



Stone Duality

GENERATING FILTERS

Levin
Hornischer

Proposition
Let A be a Boolean algebra.

1. For any subset T' C A, there is a C-smallest filter F' that contains T. It
is called the filter generated by T and denoted (T ).

2. Concretely, this filter is given as

(T = {a € A+ there is finite T' C T such that \T' < a}}.

3. If F C A is a filter and we want to extend it by an element b € A,

(FU{b})aiw = {a € A: there is f € F such that f Nb < a}}.



Stone Duality

PRIME FILTER EXTENSION

Levin
Hornischer

Theorem (Stone’s Prime Filter Extension Theorem)

Let A be a Boolean algebra. If F' is a filter and I and ideal in A such that
FNI=0, then there is a prime filter G in A such that F C G and GNI = ().

T
A



PROOF THAT PrFilt(A) STONE SPACE I

Let A be a Boolean algebra, let X := PrFilt(L) have topology generated by
S:={a:ael}witha:={FeX:aeF}
» Zero-dimensional: S is a base since closed under finite intersections:
ain...Na, =ai A...Aay. Each d is clopen: a¢ = =a.
» Hausdorfl: If F' # G in PrFilt(A), there is a € A witha € F and a ¢ G
(or vice versa). So F' € @ and G € =a separate I’ and G.
» Compactness: We show that the compactness of X really is just the
compactness theorem from logic. So we first formulate this logical

compactness theorem (step 1), then show that it implies the topological

compactness of X (step 2), and finally prove the logical compactness

theorem (step 3).

Stone Duality

Levin
Hornischer

Proof



PROOF THAT PrFilt(A) STONE SPACE II Stone Duality

Levin

1. A theory (in logic) is simply a set of sentences, so by an A-theory T we Hornischer
here mean a subset of A. Since models are prime filters, we say T has a
model if there is a prime filter F' of L such that T' C F. Then the logical
compactness theorem says:

() If T is an A-theory such that every finite subset 7" of T" has a model, then
T has a model.

2. We show the compactness of X via the finite intersection formulation.
Let F be a collection of closed subsets of X with the finite intersection
property (FIP), and show that (| F # (). Since S is a base of clopens, Proof
assume F CS. So F ={a:a €T} for some T C A. By FIP, every finite
subset 7" of T has a model: Write 7" = {a1,...,a,}, so there is some
Fean...Nay,,soT CF,asneeded. By (x), T has a model F, so
F € N F, as needed.



PROOF THAT PrFilt(A) STONE SPACE III Stone Duality

Levin

3. We prove (). Let T'C A such that every finite subset has a model. To Hornischer
show that T has a model, we need to extend 7" to a prime filter.
First, let F' be the filter generated by T, so
F={aceA:3T" CT.NT' < a}.
Second, for [ := {1}, we have F NI = {); otherwise L € F, so there is a
finite 77 C T with AT’ < L, but then 7" cannot have a model. So
Stone’s Prime Filter Extension Theorem applies and yields a prime filter
G such that T'C F C @, as needed.
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OVERVIEW OF THE SECTION e DU

Levin
Hornischer

» There are a plethora of applications of Stone duality and generalizations

thereof. See, e.g., Gehrke and Gool [G(G23, ch. 4-8].

» Many applications are in theoretical computer science (e.g., programming
semantics or automata theory), we consider one in modal
logic/philosophy.

> We add a less understood but important concept—here, necessity—to our
logical concepts, and we get a better understanding of it by studying its

behavior on the dual side of spaces.

Applications



(RE-) DISCOVERING KRIPKE SEMANTICS Stone Buality

Levin

1. We see that the necessity operator is, like the Boolean operators, a Homischer
function on the set of all propositions. However, unlike the Boolean
operators, it is not clear what its truth-conditions are.

2. We apply Stone duality, to move this question from propositions to
possible worlds, and find an answer there.

3. We see that this is exactly the famous answer Kripke gave: the Kripke
semantics for the necessity operator.

See, e.g., [JT51; JT52; Gol00).

Applications



THE

‘NECESSITY’ OPERATOR

Assume we have a Boolean algebra A of propositions.

In philosophical context, the Boolean connectives/operators V, A, =, L, T
are often not enough.

We also would like to say that some propositions are necessarily true,
while others only contingently. (Other operators: Knowledge, belief,
eternity, essence, etc.)

So, if ¢ is a sentence expressing proposition a, we also consider the
sentence ‘Necessarily, ¢’ (written O¢), which expresses the proposition
that it is necessarily the case that a.

Just like Boolean connectives become operators on the Boolean algebra of

propositions, so does O:

O:A— A, aw— Oa.

Stone Duality

Levin
Hornischer

Applications



THE

Stone Duality

SEARCH FOR TRUTH-CONDITIONS OF ‘NECESSITY’

Levin
Hornischer

Before the advent of Kripke semantics, philosophers—like us

now—struggled to understand the necessity connective.

The Boolean connectives they could describe by their truth-conditions:
¢ V1 is true (in some situation) iff either ¢ is true (in that situation) or
1 is true (in that situation), etc.
However, for ‘necessity’, they could only provide some plausible reasoning
principles, e.g.,
1. It is necessary that ¢ and 1 if and only if it is necessary that ¢ and it is
necessary that 1. Applications

2. If ¢ is a logical truth, then ‘it is necessary that ¢’ also is a logical truth.

Cf. only having inference rules for disjunction but no truth-tables for V.



DUALITY TO THE RESCUE?

>

Can we use duality theory to find truth conditions by translating to the
spatial side?
What we know so far: O is some (unknown) function A — A such that
1. For all a,b € A: O(a A b) = Oa A OOD.
2. 07T =T.

How to translate O : A — A to the dual space PrFilt(A)?

Problem: O is not a Boolean algebra homomorphism (only preserves A
and T), so we cannot directly take PrFilt(0) : PrFilt(A) — PrFilt(A)
mapping F to O~ '(F).

Stone Duality

Levin
Hornischer

Applications



FINDING THE DUAL Stone Duality

Levin
Hornischer

» The preservation of T and A only yields that O~!(F) is a filter, not

necessarily a prime filter.

» The next best thing is to consider the set of all prime filters that extend
this filter:

f(F):={G e PrFilt(A) : G 2 0 '(F)}.

» We say f : PrFilt(A) — PrFilt(A) is a multifunction (mapping points to

sets of points).

Applications

» It can equivalently be described as a relation (its graph):

FRGeGDOO YF)eVacA:Oae F=acq.



Stone Duality

FINDING THE TRUTH-CONDITIONS

Levin
» So our function O : A — A on the algebraic side becomes, when Homischer
translated to the spatial side, the relation R.
» But this doesn’t yet give us truth-conditions for the necessity operator.
» For F' € PrFilt(L), we need to complete Oa € F < 777,
» By definition of R we get a necessary condition: If Oa € F', then, if
F R G, we have Va € L : Oa € F = a € G, so, in particular, a € G.
» This also is sufficient:
Theorem Applications

In the above notation, we have for all a € A and prime filters F' € PrFilt(A)

Oa € F< VG ePrFilt(A): F RG=a€q.



REDISCOVERING KRIPKE SEMANTICS e DU

Levin
Hornischer

» The truth-conditions we thus found, are exactly those of Kripke
semantics:

» [a is true at a possible world F' iff for all R-accessible worlds G, we have
that a is true at G.

Proof.

(=) This was the necessary condition which we already saw to hold.

(<) Contrapositively, assume Oa ¢ F. We want to find a prime filter

G € PrFilt(A) with F' R G but a € G. So turn to the Prime Filter Extension

Theorem. We already noted that O~ !(F) is a filter on A and, by assumption,  applications
a ¢ O (F), hence, for the ideal I := |a, we have O~ *(F) NI = . By the

Extension Theorem, there is a prime filter G on A such that G 2 0~ (F) and

G NI = 0. The former means, by definition, that ' R G, and the latter

implies a € G, as needed. O



OUTLOOK o Dusliiy

Levin
Hornischer

» We have come to the end of the course!
» Congratulations on making it this far!

» Now you know how to translate between Boolean algebras and Stone
space, and why they are two sides of the same coin.
» If you want to continue, you could consider, e.g.:
1. The duality between bounded distributive lattices and spectral/Priestley
spaces [GG24]
2. The duality between Heyting algebras and Esakia spaces [GG24]
3. The applications to programming semantics [Abr91] and automata theory
[GG24]
4. Extensions to first-order logic [Mak87; AF13]

Applications

Thank you!
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